Lecture 11
Pipelined Parallelism

1. Infuition: Time mapping

2. Affine Time Partitioning Problem
with examples

3. Affine Time Partitioning Algorithm

Readings: Chapter 11.8-11.9



Lecture 10: Maximum Parallelism & No Communication
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C: Space partitioning of Computation to Processor ID

For every pair of data dependent accesses F;i;+f; and F,iy+f;

Find C1, Cy, Cz, Co.
Vi, b

F1 i1+ fl = F2 i2+f2 - C1i1+C1 = C2i2+C2

with the objective of maximizing the rank of C;, C,
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1. SOR (Successive Over-Relaxation): An Example

for i =1 TOm
for =1 ton
*

A[i,]J] = c * (A[i-1,3] + A[i,]-1])
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ol  |s there communication-
RN free parallelism?
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SOR (Successive Over-Relaxation): An Example

l ton
— *

(A[i-1,3] + A[i,3-1])

Focusing on sequential execution
« iis alegal outer loop

« Isjalso alegal outer loop?

« Two independent basis vectors for
the outer loop:
1 o0],[0 1]

« Any combinationof [1 0],[0 1]
is a legal (DoAll) outer loop!

« Example:[1 1]
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SOR (Successive Over-Relaxation): An Example

l ton
— *

(A[l_llJ] + A[llj_]'])
Focusing on sequential execution
[1 1] <+ lisalegal outerloop

1 0]] ,
| ]A—m—n\ A « |Is|also alegal outer loop?
\ N\ \
) S L § F; « Two independent basis vectors for
N\ N\
_ N \\ NN the outer loop:
- B N AR A [1 0], [0 1]
\' AN ‘T’ « Any combinationof [1 0],[0 1]
i j\ £ S S is a legal (DoAll) outer loop!
N \ N \
M “[0 1]*‘ « Example: [1 1]
J — All original data dependences do

not point backward in tfime
— A wavefront of execution

M. Lam CS243: Pipelined Parallelism 5



SOR (Successive Over-Relaxation): An Example

for j 1l ton
A[i,j] = c * (A[i-1,3] + A[1i,3-1])
R Focusing on sequential execution
\ . .
1 O]r\_.‘__m_m_h__.‘__.‘__[%_ 2], Two independent basis vectors for
\
Yy | the outer loop:
£\ / Y U U S ﬁy'
YRYA 1 o], [0 1]
B S / W W S 2 " . .
1 MY L «  Any combinationof [1 0],[0 1]
‘ﬁ"\\_\"\_'“ SRR is a legal (DoAll) outer loop!
AN \ )
AT\—’ < \A 1 Ul S e\ o EXOmple: [1 2]
e, — All original data dependences do
. [0 1] not point backward in fime

— A wavefront of execution
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General Observation

*  Multiple legal outer loops:

1 O]“\ 1 2] — Choice in execution -2
N S S S s there is parallelism
ﬁéﬂ:‘.—m oy 2 independent basis vectors
AR YA .
T e e e e e St — The solution space has rank 2
R N (EENEEN| — 1 degree of parallelism
ANV AN o i i
Y S BN B r independent basis vectors
AN NN — The solution space has rank r
: [0 1] — r-1 degrees of parallelism
Choice means parallelism
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Pipelined Parallelism:

Implementing Wavefronts Without Barriers

»Y
»

R

;

R

>

R

»

R

»

R

>

R

R

R

\ 4

>

R

for i =1 TOm J SENERN

for j =1 ton ) IR

A[lIJ] =c * (A[l_llJ] + A[llj_]']) i

Y W

Assign each row i to a processor L5l »
Processor ID: P =i

Synchronization variable: t[p] = 0 (iterations executed)
WAIT: thread waits unftil the condition becomes true

for =1 ton
if (p==1) or (WAIT(t[p-1]1>=3j))
A[plj] =c ¥ (A[P'lrJ] + A[PIJ']-])
tipl++;

« Good locality
« Relaxed wavefront
« O(n) synchronization overhead
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2. Recall: Maximum Parallelism & No Communicdadtion

EEEEDN Fi;+f, Doooo

HE sl=Nsl=Ns
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Loops EEEN - DoEOEo ay
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C: Space partitioning of Computation to Processor ID
For every pair of data dependent accesses F;i;+f; and F,iy+f;

Find C1, Cy, Cz, Co.
\v4 i1, iz F1 i1+ fl = F2 i2+f2 - C1i1+C1 = C2i2+C2
with the objective of maximizing the rank of C;, C,
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Problem Statement: Maximum Pipelinable Parallelism

EEEEN : DOoDEoo
1 <1, HE Faly+f; DDDOo
EEE ——rfonooo Arra
Loops - Fi;+f, Ooo@@ Y
EEN DODEoo
: Coir+cC
C1|1+C1 2212
DEEED |
Time Step

C: Affine Time Partitioning of Computation to Time Step
For every pair of data dependent accesses F;i;+f; and Fi,+f;
Let B4i;+b; > 0, Byi+b, > 0 be the corresponding loop bound constraints,
Find C4, ¢4, Gy, Cy:
Vi, i, Byii+b; >0, Byip +by >0
(iy<iy) A (FLig+ f; = R ix+6) = Ciij+cy € Gir+6;
with the objective of maximizing the rank of C;, G,

M. Lam CS243: Pipelined Parallelism 10



Example 1

(a)

for 1i
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for =1 ton

A[i,jl=c*(A[i-1,]j]l+ A[i,]j-1])
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2 independent time mappings:

[(1=[1 o]|:|+[0]

J |
i
J

tl=10 1]|:|+0]

« Solving the equations

M. Lam

yields two independent basic vectors: [1 0], [0 1]

2 possible legal outer loops

1 degree of pipelined parallelism
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Example 1

2 time mappings:

a 1]
@) [[]=[1 o]{;|+[0]
for 1 =1 TOm J
for =1 ton — l
t] = |+|0
A[i,jl=c*(A[i-1,3]+ A[i,j-1]) el=10 1] J ] [0]
o f - 2 legal permutations
A TATA TA TATA TTATTTA ~ _ ~ oA
L e Wi Wie Wi Yo Wie W' (a) ty = 1 07
AP T LT, 0 1. j_
F'y iA :u :A iA :A :A TA (b) _tl_ _ 0 1 0T
J tl 11 0]
b > —>—>—>
(b) KGN 2 legal outer loops
fzzrt;:_lngonm T u u u i 2 legal permutations
> ;k ;k ;k ;k . .
Ali,jl=c*(a[i-1,5]1 + ali,5-1) LIS 2 ways fo pipeline
S RV BN N 1 degree of parallelism
I

VVVVV
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Definition: Fully Permutable Loop Nests

 Aloop nestis fully permutable
if all the loops in the nest can be permuted arbitrarily
without changing the semantics of the program

« A 2-deep loop nest is fully permutable
if both loops are legal outermost loops.

« Ann-deep loop nestis fully permutable
if all the n loops are legal outermost loops.
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Example 2

for 1 = 0 TOm
for j =0 ton
X[3+1]1=( +X[J+1]1+X[j+2])/3

N

5

v

J
Is there communication-free parallelism?
Is the loop fully permutable?

Affine Partitioning finds all possible legal outermost loops in the nest (via transformations)

M. Lam CS243: Pipelined Parallelism 14



Applying Time Partitioning to Example 2

for 1

=0 TOm

for j =0 ton
X[3+1]=(

1

N

+X[j+1]1+X[j+2])/3

1 1]

N

v

M. Lam

2 time mappings:
-

[tl=[1 0] j_+[0]
—_ _i-_l_
[(]=1[1 1][;|+[0]

Intuitively:

The time mapping makes all
the dependences not point backwards.
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Time Partitioning Results

2 time mappings:

for 1 =0 TOm
for 3 =0 ton
X[3+1]1=( +X[J+1]1+X[3+2])/3
[1 1]
i
>

(a)

ﬂk

€4

» T,

[=01 o] ]+101
[11=1[1 11;+[0]
(b), 4

+> t,

Quiz: How many degrees of parallelisme
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2 permutations:

(a)

(b)[t1]

1

1]
1
1]

01

o s—

1
11
0.




Time Partitioning Results

2 time mappings: 2 permutations:
For 0 =0 ol @[]=[ |
T s afle OF)-f
i (b)t;‘
> ]
(a)
R
=
>t .

Intuitively: Transform so all dependences don't point backwards in both axes.

Skew transform: [i (1)] Quiz: Can we always skew to create permutable loop nests?
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Recall

FOR 1 =0 to 5
FOR j =i to 7

« Sequential execution order: lexicographic order

— [0.0], [O,1], ..., [0,6]., [0.7].
[1.1], ..., [1.6]. [1.7]. ...

« Aloop transform is legal

— if all data dependences in the original loop nest are honored
with sequential execution in the new loop.

« Skewing by the number of iterations
- creates a degenerate fully permutable loop nest
- the iterations execute sequentially

M. Lam CS243: Loop Transformations



Code Generation

i for i' =0 TOm

for 1 =0 TOm 21— a7 -y
for j =0 ton ‘for.j _—1 to i'+n
X[j+1]=( +X[J+1]1+X[j+2]) /3 X[3'-1'+1]
= X[/ -1’ +1]+X[J’ -i'+2]
l’! _ 1 O i A
: \ \N\ J' I 1 J i /
i

J

Transformation

)
=1

P =i+]

Substitutions: i=i" andj=j'-I

M. Lam

)/3

v

j 14
Loop bounds (Using Fourier-Motzkin Elimination)
0<=1i"<=m
O<=j-i"<=n
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Summary: Fully Permutable Loop Nests

Definition:

A loop nest is fully permutable

if all the loops in the nest can be permuted arbitrarily
without changing the semantics of the program

Affine time partitioning algorithm
finds the largest outermost fully permutable loop nests.

If rank r time mappings are found:
— There are r independent legal outermost loops
— Dependences do not point backward along r-axes

— Rank r matrix (comprising rindependent basis vectors)
transforms the original loop
info r-deep outermost fully permutable nest

Generate (r-1) dimensional wavefront from permutable loop nest
(r-1 degrees of parallelism)

M. Lam CS243: Pipelined Parallelism
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r-Dimensional Pipelineable Parallelism

« r-dimensions of legal time mapping:

— r-1 degrees of parallelism
« O(n™1) parallelism, n is the number of iterations in each loop
« O(n) synchronization

« Synchronization

— processor ID (p1, P2, ..., Pr1):
« r-1 outer loops map to each processor
« Runs rth loop sequentially on each processor
— iteration i, for processor (p1, P2, ..., Pr1), Waits for its r-1 neighbors
iteration i, for processors (pi-1, P, ..., Pr1),
(01, P21, oo PR1)s e
(o1, P2, ... Pr1-1).
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3. How to Compute Time Partitioninge

Compare:
EEEEN Fi;+f; D@EOoO
N DoOoOooO
EEENNE ODEO Art
Loops EEENE - DOoEOEO ay
EEEEN DOoEOEO
HE
EEEN
Processor ID
EEEEN : DOoOoEO
L <I, B Fbtf poneme
EEN —Poooo Arra
Loops - F,;+f, ooo@o Y
EEN DOoOoEO
C2i2+C2
DEEEE |
Time Stage
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Comparing the Two Problems

Communication-Free Parallelism:
C: Space partitioning of Computation to Processor 1D
For every pair of data dependent accesses F,i;+f; and F,i,+f,

Find C1, Cy, Cz, Co.
\v4 il/ iz F1 i1+ fl = Fz i2+f2 —> C1i1+C1 = C2i2+C2
with the objective of maximizing the rank of C;, C,

Pipelining Parallelism:
C: Time mapping of Computation to Time
For every pair of data dependent accesses F;i;+f; and F,iy+f;
Let B4i;+b; > 0, Byi+b, > 0 be the corresponding loop bound constraints,
Find Cy, ¢, Gy, Gy
Vi, iy Biig+b; =0, Byip+byy>0
(iy<iy) A (Fiig+ fi = R ix+6) = Ciij+cy € Gir+6
with the objective of maximizing the rank of C;, C,

Much harder!



Farkas Lemma Comes to the Rescuel

Finding the possible legal time dimensions b: We use bT (instead of ¢) to
Given matrix AT, find a vector bT such that indicate time dimensions
for all vectors u such that ATu >0, bTu>0 so to match the Lemma below.

Farkas Lemma (a theorem of the alternative), 1901 (real domain)
Let A be a real-valued m % n matrix. The system
Ax = b, x>0, has a solution x
iff for every u € R”
if ATu>0 then bTu>0

Time partitioning:
Find b such that for all vectors x, Ax=5b, x>0 Much easier!
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Geometric interpretation of Farkas Lemma

Farkas’ lemma

Geometrically Farkas’ Lemma says that either a vector b is in the convex cone, or there
is a separating hyperplane between b and the cone (but not both).

2 2

1.5 1.5

0.5 or 0.5
0 0
-0.5 -0.5
T 05 0 05 1 15 2 T s 0 05 1 15 '2@'

Lewis Mitchell, Convex cones and Farkas’ Lemma, April 17, 2022
https://www.youtube.com/watch?v=uBjv6zFIs9M
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Two Key Algorithms
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Summary

Note: Time partitioning works for multiple loop nests & imperfect nesting
— Examples in the next class

Affine partitioning: fundamental concepts in parallelism & pipelining
— Can be solved using a mathematical algorithm (by a compiler)

— Can also be applied intuitively to programs by hand
« Parallelism:
— Assign all dependent operations to the same processor
— With as many dimensions as possible
» Pipelining
— Find the largest possible outermost permutable loop nests

— Transform loops so dependences don't point backwards
in as many dimensions as possible.



