Lecture 10
Loop Transformations
for Communication-Free Parallelism

1. Examples of Loop Transformations
2. Affine Partitioning
3. Code Generation

Readings: Chapter 11-11.3, 11.6-11.7.4, 11.9-
11.9.6
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Concept Development

Two maijor shifts in paradigms:
«  Optimizing parallelism - Optimizing locality

« Loop transformations: discovery - heuristics 2> mathematics



Parallelism and Locdality

« Parallelism DOES NOT necessarily imply speed up!
« The key is to optimize locality

— Shift focus from finding “independent operations” to
finding “dependent operations”

* Multiprocessor:

— Operations using the same data are executed
on the same processor

- parallelism with minimum communication
« Sequential processor:

— Operations using the same data are executed
close in time

- Minimize cache misses
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Origin of Loop Transformations

Discovery: Many different loop transformations are useful (Kuck et al.)

In a loop nest:

« Loop interchange: inner - outer; outer - inner loop

« Loop reversal: run iterations backwards

« Loop skewing: shift the index of the inner loop by a constant

AcCross loop nests:
* Loop fusion: take two loops and fuse into 1

* Loop fission: take one loop and split into multiple

Key question: how to combine these to optimize parallelism, localitye
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Heuristics =2 Mathematics

Compiler heuristics: Many source-to-source transform papers (Code - Code)
Use Mathematics

« Parallel algorithm research (1970s, 1980s)
— Systolic Arrays: invented by Kung and Leiserson, 1978
« Over 100 papers published by many mathematicians
— Geometric (matrix) tfransforms to map computation onto VLS|
while minimizing communication
« Avutomatic compiler optimization based on matrix transforms
(parallelism & locality)
— Matrix transformation approach (Code-> matrices - matrices > Code)
— "A Data Locality Optimization Algorithm™ for uni & multiprocessors

* Michael Wolf & Monica Lam, PLDI 1991;
Most influential paper award, 2001

— Affine transforms: Amy Lim and Monica Lam, 1998, 1999

» Algorithm design is based on 4 theses
(Michael Wolf, Jennifer Anderson, Saman Amarasinghe, Amy Lim)



Lecture Outline

1. Problem formulation with matrix fransforms
2. Affine transforms for communication-free parallelism

Affine transforms for parallelism with minimum communication
(next class)



lteration Space

FOR 1 =0 to 5
FOR j =i to 7

 n-deep loop nests: n-dimensional polytope

« [terations: coordinates in the iteration space

« Assume: iterafion index is incremented in the loop
« Sequential execution order: lexicographic order

— [0.0], [O,1], ..., [0,6], [0.7].
[1.1], ..., [1.6]. [1.7]. ...

 Aloop transform is legal
— if all data dependences in the original loop nest are honored

with sequential execution in the new loop.
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Example 1

(a)
/forI=1to4 \

forJ=1to 3
Z[1,]] = Z[I-1,]]
A
I
K > J /
Quiz

1. Is the inner or outer loop a doall loop?
2. How to parallelize for a multiprocessor?
3. Data locality on a uniprocessore
4. Data locality on a multiprocessore
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Transform 1: Loop Permutation (Loop In’re(rbgzhange)
(a)

/forI=1to4 \ ﬁ)”,:lt03 \

for]J=1t03 forI' = 1to 4
Z[1,]] = Z[1-1,]] Z[1,]7] = Z[1-1,17]
A
A
I ¥ e—e—e—0
i To 117 e—6—e—06
=11 ol &—-6—6—6
K »J/ K I’ /
Quiz

1. Is the tfransform legal?

2. Is the inner loop or outer loop a doall loop in (b)<¢

3. Is (b) good for uniprocessor locality?

4. For multiprocessor parallelism & locality?

Key: Assigh dependent operations on the same processor and close in time.



Transform 2: Loop Fusion

N 4 N

forl=1to 4 forJ=1to 4
T[I]= A[T]+B[I] (s1) T[J]= A[J]+B[J] (s1)
for’=1to4 C[J]=T[J] x T[J] (s2)

C[I']= T[I'] x T[I'] (s2)
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Parallelism and Locality Loop Transformations

Heuristics to combine transforms

Source-to-source transforms

Matrix fransforms

(code to code) (code to matrices to code)

A 4

Solve Equations

* Loop nest transforms - maiftrix fransforms

— Interchange:

— Skewing:

01
10
10

11 1.

11Tt o0
— Reversal: o _1]

« Cross loops/statements transforms - matrix fransforms
— Loop fusion: combining loops
— Loop fission: separating loops
— Re-indexing: shifting operations to different iterations in a loop

A sequence of transforms - multiplying matrices - result is a matrix

M. Lam

Matrix transforms unify source-to-source transforms
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Lecture Outline

1. Problem formulation with matrix fransforms
2. Affine transforms for communication-free parallelism

Affine transforms for parallelism with minimum communication
(next class)



2. Affine Partitioning:
A Contrived but lllustrative Example

FOR §j = 1 TO n
FOR i = 1 TO n

A[i,j] = A[i,3]+B[i-1,]]; (S1)
B[lIJ] = A[irj_]-]*B[irj]; (S2)
A
. @ ® S;
® S,

$494
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2. Affine Partitioning:
A Contrived but lllustrative Example

FOR j = 1 TO n
FOR i = 1 TO n

A[i,]j] = A[i,j]+B[1-1,]]; (S1)
B[1i,]] = A[irj_]-]*B[irj]; (S2)
R affine partitions
l
e =11 —1]].
®@ S, p=1[1 —1];.+1

-1
: /é/lnj
@
1 2 3 4 5
=
1
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Generate: SPMD (Single-Program Multiple Data) Code

) @ S, »=I[1 —1]|;|+0

J|
) ’/l{[ @ S, p=[1 —1];._+1
$

—.
1

j‘z.f. S, automatically from affine partitions
) S2 -

Let p be the processor’s ID number

if (1-n <= p <= n) then
if [1 <= p) then
B[pll] = A[pIO] * B[prll; (SZ)
for i, = max[1l,1+p) to min[n,n-1+p) do
A[i,,i,-p] = A[i,,1i,-p] + B[i;-1,i,-p]"; (S;)
B[i,,i,-p+l] = A[i,,i,-p] * B[i,,i,-p+1l]; (S,)
if (p <= 0) then
A[n+p,n] = A[n+p,N] + B[n+p-1,n]; (S;)
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M. Lam

How 1o Solve for the Affine Partitions?

Key Constraint

Communication-free parallelism

|

Operations using the same data
must be mapped o the same processorl!

CS243: Loop Transformations
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M. Lam

Maximum Parallelism & No Communication

EEEEN F,i;+f; ooooo

EE DoEo@Em
[ EEENE ODoo

EEEE - DoDooo

EEEEN DoDooo
I2ll

EEEN

Processor ID

Array

Let i; and i, be loop indices of 2 (not necessarily distinct) loops

For every pair of data dependent accesses Fyi;+f; and Fiir+f;

Find processor partitioning C;, ¢, G, Cy:

v ill i2

Quiz: Can you always find such a mappinge

CS243: Loop Transformations

F1 i1+ fl = F2 i2+f2 - C1i1+C1 = C2i2+C2
with the objective of maximizing the rank of C;, C,



Rank of Partitioning = Degree of Parallelism

Rank of a matrix is defined as the number of linearly independent rows in a matrix.

I

iterations

|
SR 2 I

Rank 0 1 2
aYaYaYavYa
g ) BFREET
(B-8-8-6
O Mapped to (B-E3-83-3-)
N MM
Same processor (B89
G _/ e
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Desired Partitioning: Solution 1o Equations
(this example is in the book)

FOR §j = 1 TO n
FOR i = 1 TO n

A[i,j] = A[1,3j]1+B[1i-1,3]; (S1)
B[lIJ] = A[irj_]-]*B[irj]; (SZ)
t 1 -1 +0
3 @) @ S, pr=1[1- ]_J.-:+
®@ S, p=1[1 —1];.+1

999
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Lecture Outline

1. Problem formulation with matrix transforms

2. Affine transforms for communication-free parallelism
a. Affine parfitioning
b. Generate SPMD code from affine partitioning



Code Generation

« Naive

— Each processor visits all the iterations
in the original execution order

— Executes only if it owns that iteration
— Quiz: why is it correct@e

« Optimization
— Removes unnecessary looping and condition evaluation

M. Lam CS243: Loop Transformations
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Example 1:

Loop Permutation

/forI=1to4 \

forJ=1to 3
Z[1,]] = Z[1-1,]]

A

1. Find affine partitioning: c, c,, ¢, such that
I
p=[cl Cz] [ .]"‘Co

2. Suppose iteration i,j & i’, j’ refer to same location
i=i"-1
j=7
3. No communication means:
CLi+Cj+cp=ci’+cj +¢

c(i’-1) +c, '  + co=c1i" + ¢y + ¢

c,=0

p=Cyj+Co
4.Pick simplest ¢y and non-zero ¢, :

c;=1,¢c=0

P=]



Example 1: Code Generation

-

forI=1to 4

forJ=1to 3

~

Z[1,]] = Z[1-1,]]

A

>

/

M. Lam

4 N\

forP=1to3
forI=1to4

forJ=1to 3
if (j ==P)
Z[1,]] = Z[1-1,]]

Optimization

forP=1to3
forI=1to4

Z[1,P] = Z[I-1,P]
\_ /

SPMD (single program multiple data) code:

forI=1to 4
Z[1,P] = Z[I-1,P]

CS243: Loop Transformations
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Equivalent 1o Loop Permutation (Loop Interchange)

/ \ /forP=1to3 \

forI=1to 4
for]J=1t03 forl=1to4
Z[1,]] = Z[I-1,]] Z[1,P] = Z[I-1,P]
A
A
I p | STOTOC
p'| |0 1”1'] e—e—e—e
G| : —S—c—5S
l 1 Offy >
. I

N N /

Our algorithm performs the same effect in 2 steps (partitioning + code generation)
Useful for handling multiple statements in a program




Example 2: Loop Fusion

forT=1to 4
T[I]= A[I]+B[I]
forI’=1to 4

e 6 6 O
I >

® & © &
>

.

~

(s1)

C[I']= T[I'] x T[I'] (s2)

/

1. Find affine partitioning: c; 1, ¢1 ¢, 2.1, €10, SUCh that

sl:

S2:

P

P

_cu] [i]+¢,,

_cm] [i']+ ¢y,

2. Suppose iteration i & i’ refer to the same location

Py |
I =1

3. No communication means:

C111+Cig=Cy i+ C20

C11=C21

C1,0= C20

4. Pick simplest, non-zero values forc; 4, €51 :
C1,1=C1=1,C10=C0=0

Quiz: How would you transform this code?

M. Lam

p=1i;p=i'
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-

for

~

(s1)

I=1to4
T[I]= A[I]+B[I]

for’'=1to 4

\

C[I']= T[I'] x T[I'] (s2)

e 6 6 O
I >

® S 6 &
>
II

/

M. Lam

Loop Fusion

CS243: Loop Transformations

forP=1t04

forl=1to 4
if (I ==P)
T[I]= A[I]+B[I]
forI’=1to4
if (I"==P)
C[I']=T[I'] x T[I'] (s2)
Optimization
forP=1to4
T[P]= A[P]+B[P] (s1)
C[P]= T[P] x T[P] (s2)
e & 6 O

~

(s1)

® & & &
>
J
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Example 3
Do you know how the algorithm works without simulating it?

4 A 4 A
forl=1to 4 forJ=1to 4
T[1]= A[I]+B[I] (s1) T[J]= A[J]+B[J]  (s1)
forI'=1to 4 C[ 1=TDIxT](s2)
\_ C[I']= T[5-1'] x T[5-1"] (52/) \_ )
TLITL2] T3] T[1] T[2] T3] T[4]
(s1) & & & O & 8 & O (s
! si: [j]=[ 1][i] & & & @ (s2
>
2: lil= i/ ‘
(s2) Tl TSI T2 s2: [j]=[  J[I"]+[ ] ]
>
”

Homework: Derive the answer by simulating the affine partitioning algorithm.

M. Lam CS243: Loop Transformations 28



Example 4. 2 Nested, DoAIll Loops

/forI=1to4

\

forJ=1to 3

~

Z[1,]] = Z[1,]]+1

A

O 0O
OO0
OO0
Q0O

J

/

1. Find affine partitioning: c4, c,, ¢, such that

l

p=|:C1 Cz] |+ €y

2. Suppose iteration i,j & i’, j’ refer to same location
i =i
j =7
3. No communication means:
C1i+C2j+Co=C1 i'+C2j’+C0

Cli’ +C2 j’ + C0= Cl i’ + C2 j' + CO

4. No constraints
Two basis vectors: [c; ¢;]=[1 0], or [c1¢c,] = [0 1]
Two answers for p: two degrees of parallelism

ol

P
P




Example 4. 2 Nested DoAll Loops

/forI=1to4

\

forJ=1to 3

~

Z[1,]] = Z[1,]]+1

A

O 0O
I OO0
OO0
Q0O

J

/

M. Lam

ﬂrp1=1to4 \

forp2 =1to 3
forI=1t0o4
forJ=1to 3

if (I==p1 & ] == p2)
Z[1,J] = Z[1,J]+1

Optimization

forpl=1to4

forp2=1to 3

K Z[p1,p2] = Z[pl,p2]+y
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Example 5: Imperfecily Nested Loops

/forI=1to4 \

® &S & ©

Z[1,1] =
forJ=1to 3
Z[1,]] = Z[1,]]+1

A

Y[I];

O 0O
OO0
OO0
)

T/

M. Lam
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ﬂrp1=1to4 \

forp2=1to 3
forl=1to 4

if (I==pl & 1 == p2)
Z[1,1] = Y[I]

forJ=1to 3
if (I==p1 & J == p2)
Z[1,]] = Z[1,]]+1

Optimization

forpl=1to4
forp2=1to 3
if p2 ==
Z[p1,1] = Y[p1]

Z[p1,p2] = Z[pl,p2]ﬂ+)/
1




Optimizing Arbitrary Loop Nesting
Using Affine Partitions (chotst, NAS)

I0 = MAX ( -M, -J )
DO 2 I = I0, -1 A
DO 3 JJ = I0 - I, -1

DO 3 L =

A(L,

0, NMAT
J) = A(L,I,J) - A(L,JJ,I+J) * A(L,I+JJ,J)

)
NMAT
A(L,I,J) * A(L,0,I+J)

L,
0,

)
NMAT
(L) = EPS * A(L,0,J)

J) = A(L,0,J) - A(L,JJ,J) ** 2

1. / SQRT ( ABS (EPSS(L) + A(L,0,J)) ) T

B(I,L,K) = B(I,L,K) * A(L,O0,K) I N —
= 1, MIN (M, N-K) 1,

DO 7 L = 0, NMAT

B(I,L,K+JJ) = B(I,L,K+JJ) - A(L,-JJ,K+JJ) * B(I,L,K)

EPSS

B(I,L,K) = B(I,L,K) * A(L,O0,K)
DO 6 JJ = 1, MIN (M, K)
DO 6 L = 0, NMAT
B(I,L,K-JJ) = B(I,L,K-JJ) - A(L,-JJ,K) * B(I,L,K)

Result of affine transform: 1 outermost loop parallelism: index L
M. Lam CS243: Loop Transformations 32



Chotst: Results with Affine Partifioning + Blocking

(Unimodular: a subset of affine partitioning for perfect loop nests)

-— Unimodular + Blocking
—&— Affine Partitioning + Blocking

Speedup
O =~ N W H OO N ©

2 3 4 5 §) 7 8
Number of Processors

—



M. Lam

Maximum Parallelism & No Communication

EEEEDN Fi;+f, Doooo
 EE sl=Nsl=Ns
) T mlul= Arr
Loops EEEN - DoEOEo ay
EEEEN DoEOEo
i,mm
EEEN

Processor ID

Let i; and i, be loop indices of 2 (not necessarily distinct) loops
For every pair of data dependent accesses F,i;+f; and F,i,+f,

Find C1, Cy, Cz, Co.
\v4 i1, iz Fl i1+ fl = F2 i2+f2 —> C1i1+C1 = C2i2+C2
with the objective of maximizing the rank of C;, C,

CS243: Loop Transformations
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Summary

« Affine transforms: a mathematical model

— Succinct & expressive notation
« Unifies arbitrary combinations of many loop transforms
* Loop interchange, reversal, skewing, fusion, fission

— Optimal algorithm for communication-free parallelism
« Solving equations while maximizing the rank

— Next class: Parallelism with minimum communication
« Solving linear inequalities while maximizing the rank.

M. Lam CS243: Loop Transformations
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